On evolution equations having monotonicities of opposite sign  by Cellina, Arrigo & Staicu, Vasile
JOURNAL OF DIFFERENTIAL EQUATIONS 90, 71-80 (1991) 
On Evolution Equations Having Monotonicities 
of Opposite Sign 
ARRIGO CELLINA AND VASILE STAICU 
International School for Advanced Studies, 
Strada Costiera, 11, 34014 Trieste, Italy 
Received December 21, 1989 
DEDICATED TO PROFESSOR ARISTIDE HALANAY FOR HIS 6%~ BIRTHDAY 
1. IN~~DUCTI~N 
Differential inclusions of the form 
i(Z)E -Ax(t) +&f(t), (1) 
where A is a maximal monotone (in general, unbounded) map, have been 
extensively studied (see Brezis [6]), both in finite and in infinite dimen- 
sional spaces. 
Existence of solutions follows, to some extent, from the basic relation 
; llxwl12 = 2(~(th x(t)> 
(whenever meaningful), that applied to two solutions of (l), by the 
monotonicity of A and the minus sign on the right hand side, yields that 
their distance is nonincreasing. This reasoning allows us the construction of 
a Cauchy sequence of approximate solutions, converging to a solution. 
The existence of the right approximate solutions is supplied by the maxi- 
mality of A, that permits the use of the Yosida approximations. Hence 
existence is a result of completeness, of having the sign minus at the right 
hand side, and of maximality. 
The same conditions have allowed to prove existence for several classes 
of perturbations of (1) to 
i(f)E -Ax(t)+F(t,x(t)) 
in [4, 2, 9, 10, 14, 13, 11, 12, 15, 171. 
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On the other hand, in [S] the problem 
a(t)EF(x(t))cav(x(t)) 
x(0)=x, 
(3) 
has been considered, where F is a monotonic upper semicontinuous (not 
necessarily convex-valued, hence not maximal) map contained in the 
subdifferential of a locally bounded convex function, and x is in a finite 
dimensional space. 
Here the basic relation (2) (and the lack of the minus sign in (3)) yields 
that the distance among solutions increases and typically there is no 
uniqueness. Existence of solutions depends on arguments of convex 
analysis. 
This result has been generalized by Ancona-Colombo [l] to cover 
perturbations of the kind 
4~) E F(x(t)) +f(c x(t)) 
with f satisfying Carathtodory conditions. 
The purpose of the present paper is to study a Cauchy problem of the 
form 
i(t) E -i??‘(x(t)) + F@(t)), F(x) c 8 W(x) 
x(O) = x0, 
(P) 
where x is in a finite dimensional space, I’ is a lower semicontinuous 
proper convex function (hence 8V is a maximal monotone map), W is a 
lower semicontinuous proper convex function and F is an upper semicon- 
tinuous compact-valued map defined over some neighborhood of x0 (this 
last assumption implies [S] that locally Wis Lipschitzian). Hence at the right 
hand side of (P) there are a maximal monotone map with a minus sign and 
a bounded monotone but not maximal monotone map with a plus sign. 
We prove (local) existence of solutions in the future. 
2. ASSUMPTIONS AND THE STATEMENT OF THE MAIN RESULT 
In what follows I’: R” -+ (-co, + co] is a proper convex lower semi- 
continuous function, D( I’) = {x E R”: V(x) < cc }, dV: R” + 2R” is the sub- 
differential of V defined by 
~V(X)={~ER”:V(~)-V(x)>(&y-x),Vy’yR”} 
and D(8V) := { x~R”:c?V(x)#@}. 
(2.1) 
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Then II c D(V) and it is known that x -+ aV(x) is a maximal 
monotone map. 
Consider on R” the Euclidean norm II.11 and, for x E R” and r > 0, set 
B(x,r)=(y~R”:Ily-xll<r}, B[x,r]={yER”:Ily-x\l<r}, and for a 
closed subset A of R”, B(A, r) = { y E R”: d( y, A) < r}. Denote by cl A the 
closure of A, and, if A is a closed and convex set, let m(A) be the element 
of A such that 
Il~(4II = inf{ II Al : Y E A 1. 
FzR”+~~ ’ 1s called upper semicontinuous if for every x and for every 
E > 0 there exists 6 > 0 such that y E B(x, 6) implies F(y) c B(F(x), E). F is 
called cyclically monotone if for every cyclical sequence 
x0, X,) . ..) x, = x0 (N arbitrary) 
and every sequence yi E F(xi), i = 1, . . . . N, we have 
Let 9 be the a-algebra of Lebesgue measurable subsets of [0, T]. A multi- 
valued map G: [0, T] --) 2R’ is called measurable if for any closed subset 
Cof R”: 
{te[O, T]:G(t)nC#@}EP. 
About cyclically monotone maps we have the following proposition. 
PROPOSITION 2.1 [6, Theorem 2.53. F is cyclically monotone if and only 
if there exists W: R” --t (-CO, + CO], a proper convex lower semicontinuous 
function, such that for every x : F(x) c 8 W(x). 
Solutions of an evolution equation are meant in the following sense. 
DEFINITION 2.2. LetfEL’([O, T], R”) and x,~clo(8V). X: [0, r] --) R” 
is called a (strong) solution to the problem 
i;-(t) E -aw(f)) + f(f), x(0) =x0 (Pf) 
if x is continuous on [0, T] and absolutely continuous on every compact 
subset of (0, T), x(O) =x0 and for a.e. t E [0, T]: 
x(t) E D(dV) and i(t)e -dV(x(t))+ f(t). 
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DEFINITION 2.3. x: [0, T] -+ R” is called a solution to the Cauchy 
problem 
i(t) E -i?V(x(t)) + F(x(t)), x(0) = xg E cl D(t3V) (PI 
if there exists JE L’( [0, T], R”), a selection of F(x( .)) (i.e., f(t) E F(x(t)) 
for a.e. t E [0, T]), such that x is a solution to (Pf). 
Our main result is the following: 
THEOREM. Let V be a proper convex lower semicontinuous function and 
x0 be in D(aV); let F be an upper semicontinuous cyclically monotone map 
with compact nonempty values defined on a neighborhood of x0. Then there 
exist T> 0 and x: [0, T] --) R”, a solution to the Cauchy problem 
i(t)e -aV(x(t)) + F(x(t)), x(0) = xg. P) 
EXAMPLE. As an illustration of the previous theorem in the case n = 2, 
let V be indicator function of the closed unit disk D; let F(x,, x2) be 
{(sign xi, 0)}, where 
if x<O 
if x=0 
if x> 0. 
Since F is uniformly bounded on D solutions exist on [0, + co), and 
converge to either (- LO) or (1,O). So the two invariant points (- 1,0) 
and (LO) attract solutions from every initial point in the disk D. 
3. SOME PRELIMINARY RESULTS 
In this section we present some statements that will be used to prove the 
main result. Let V: R” + (- co, +co] be a proper convex lower semi- 
continuous function and 8 V its subdifferential. 
Given any compact set K containing x,,, inf{ V(x): XE K} = V(x*) for 
some x* E K. Since a( V(x) - V(x*)) = 13V(x) we will assume that V> 0. 
LEMMA 3.1 [2, Theorem 1.31. (i) for every x,ED(~V) and f E 
L2( [O, T], R”) there exists a unique solution x/:[O, T] + R” to the problem 
i(t) E -awt)) +f(tL x(0) = xg. (Pf) 
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(ii) t + V(xf(t)) is absolutely continuous on [0, T] (hence it is almost 
everywhere differentiable on [0, T]) 
(iii) IldxY(t)/dt1j2 = -(d/dt) V(x’(t)) + (f(t), dx’(t)/dt) 
(iv) dxf/dt E L2( [0, T], R”) and 
[&!~~~~2dt]“2,(~~=,,f(r),,2dt)1’2+~). (3.1) 
Let x0 : [0, cc ) + R” be the unique solution to the problem (Pf ) withf = 0. 
Then, by [3, Theorem 3.2.11 for a.e. t E (0, T): (d/dt) x0(t) = -m(aV(x(t))) 
and t --) Ilm(~W”(t)))ll is nonincreasing. Therefore, for any t E [0, T], 
11x0(t) - xoll = lljb a’(s) dsll G lb Ilm(~J%Ob)))ll ds< SF, Ilm(~V(x”(0)))ll ds, 
hence 
Ilx”(t)--oll Gtllm(aW,))ll. (3.2) 
On the other hand if f EL~( [0, T], R”) then [2, Theorem 1.21 for any 
Ods<t<T: 
IlxfW - x”(t)ll G Ilxf(s) - x”(s)ll + j-’ Ilf(s)ll 4 
s (3.3) 
and by (3.2) and (3.3) it follows that 
lb’(t) - xoll G ji Ilfb)ll ds + t Ilm(~Wo)N. (3.4) 
LEMMA 3.2. Let {6,( .): n E N} be a sequence of measurable functions, 
6,: [0, T] + R” and let k~ L’( [0, T], R”) be such that for a.e. t E [0, T] 
lls,(t)ll G k(t). 
Then 
(i) t + $Jt) :=cl(lJnai {o,(t)}) is measurable, ViE N. 
(ii) for a.e. t E [0, T], J/*(t) = fii.N $i(t) is nonempty compact and 
t -+ II/*(t) is measurable. 
(iii) Assume moreover that for a.e. t E [0, T], G(t) is closed and 
d(6,(t), G(t))-+Ofor n+ co. Then $*(t)cG(t). 
Proof. (i) Since t + {d,(t)} is measurable and since tii(t) is compact, 
by [8, Proposition III.41 it follows that t + ll/i( t) is measurable. 
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(ii) {t,Qi(t): HEN) . d IS a ecreasing sequence of compact subsets of R” 
hence 4*(t) is compact nonempty. The measurability of t + $*(t) follows 
from (i) and [B, Proposition 111.41. 
(iii) Fix E >O. Then there exists n, EN such that for n > n,, 
6,(t) E cl B(G( t), E), hence 
tin,(t) = cl B(G(t)> ~1 and $dt) c cl B(G(th ~1. I 
4. PROOF OF THE MAIN RESULT 
Let x0 E o(a V) and let W: R” --t ( - co, + co] be a proper convex lower 
semicontinuous function such that for every x: F(x) c 8 W(x). 
As in [S] we can assume that there exist r > 0 and M< cc such that W 
is Lipschitzian with Lipschitz constant M on B(x,, r). It follows that F is 
bounded by M on B(x,, r). Let m(aV(x,,)) be the element of minimal norm 
of 8 V(x,) and set 
Our purpose is to prove that there exists x: [0, T] + B(x,, r), a solution to 
the Cauchy problem (P). 
Let n E N and set for k = 0, 1, . . . . n, t; = kT/n. Take y;l E F(x,) and define 
f;: [t;f, ty] -. R” by f’;(t) = v;f. Then fl E L2([t& t;], R”) and by 
Lemma 3.l(ii), there exists x;: [t;l, t;] + R”, the unique solution to the 
problem 
i(t) E -avx(l)) +f;(t), x(0) = xg. (W 
By (3.4) we obtain that for any t E [t:, ty], 11x;(t) - x01/ < jh Ilf;(s)ll ds + 
t IIm(dV(x,)ll < (T/n)W+ Il~(~WJ)ll) < r/n, hence x;(t) E &I~ r/n). 
Analogously for k = 2, . . . . n takey;f._,EF(x;:_l(t;_,)) set ZI=(t;-,, t;l; 
define f ;: Zt + R” by f;(t) = y;- , and set x;: Z; + Z3(x0, kr/n) to be the 
unique solution to the problem 
i(f) E -aw(t)) +.f!xt), x(f;-,)=x;-,(t;-,). (Pi3 
Remark that from x;-l(t;-l)~B(x,,(k-l)r/n), (3.2) and from (3.3) 
applied for s = t;- 1 it follows that x;(Z;) c B(x,, kr/rz). 
Define for t E [0, T] : 
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By construction we have 
&l(t) E -avx”(t)) +fn(t) 
f”(f) E Jc%(~“(~))) 
x,(f) ED(aV) n &x0, r) 
and by (3.1) we obtain 
a.e. on [O, T], 
a.e. on [0, T] 
a.e. on [O, T], 
(4.1) 
(4.2) 
(4.3) 
It follows that IldxJdtll.2 < N and since llxnll o. <r + I(x,,IJ, we can assume 
that (x,, a,) is precompact in C([O, T], R”) x L*([O, T], R”), the first 
space with the sup norm and the second with the weak topology. Therefore 
there exists a subsequence (again denoted by ) x, and an absolutely 
continuous function x: [0, T] + B[x,, r] such that 
x, converges to x uniformly on compact subsets on [0, T] (4.4) 
i,, converges weakly in L* to i. (4.5) 
Since IlfJt)ll <A4 on [0, T], we can assume that 
f, converges weakly in L* to f: (4.6) 
By (4.2) we have that 
d((~,(t)~ f,dt)), graph F) d IbAa,( - x,(t)ll 
and, since a,(t) + t and x, +x uniformly, we obtain that 
4(x,(~), f,(f)), graph I;)) + 0 for n + CO. 
Then by (4.4), (4.6), and the Convergence theorem [3, p. 603 it follows 
that f(r) E co F(x(t)) c aV(x(t)) and by [6, p. 73, Lemma 3.33 we obtain 
that (d/dt) W(x(t)) = (a(t), f(t)), i.e., 
I T (4s), f(s)> ds = Wb(T)) - Wxo). 0 (4.7) 
By the definition of a W, 
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Adding for k = 1, . . . . n we obtain 
Wx,(T)) - Wxo) 2 jar (fn(s), &l(s)> ds* (4.8 1 
Comparing (4.7) and (4.8), using the continuity of W in x(T) and the 
convergence of x, to x, it follows 
lim sup j’ (W)> f,(s)> ds 6 jar C-e), f(s)> h. 
n-m 0 
(4.9) 
By (4.1) and Lemma 3.l(iii) we obtain 
5,’ llW)l12 c-h = jo* <L(s), -%,(s)) ds - W,(T)) + Vxo). (4.10) 
Let 
s,(l) :=fn(t) - 4(t) (4.11) 
6(t) :=f(t)-i(t). (4.12) 
Then 6, converges to 6 weakly in L* (by (4.5) and (4.6)), 6,(t)~aV(x,(t)) 
and, since x, converges to x, it follows that s(t) E aV(x(t)), hence, by L-6, 
Lemma 3.31, 
& Vx(t)) = (f(t), a(t)> - Il.wl’. 
By integrating we obtain 
jar IlWll’ds= jar <f(s), 4 ) ds- Vx(V) + Wo). (4.13) 
By (4.10), (4.9), and the lower semicontinuity of V it follows that 
lim sup ’ Ilx,(s)ll? ds s n-03 0 
< lim sup i ’ (fJs), &(s)) ds - lim?f V(x,( T)) + V(x,) n+‘x 0 
<jar (f(s), 4s)) ds - f+(T)) + Wo) = Jo= Il4s)ll ds. 
Hence 
lim sup Ilx’nIIr~ < llidlL2. 
n--r02 
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Since, by the weak convergence of c?, to i, lim sup,, _ o. I(z?~l( Lz > llall Lz we 
obtain that 
lim Ilf,II L2 = Ilall. 
n-m 
Hence & converges to i in L2-norm, and [7, p. 58, Theorem IV.91 a sub- 
sequence (denoted again by) c?,, converges pointwise almost everywhere on 
[0, r] to 1 and there exists 1 E L*( [0, r], R”) such that II~?,,(t)ll <A(t). 
Now we apply Lemma 3.2 for 6, given by s,(t) =f,(t) -a,(t). By 
construction, 6,(t) E F(x,(a,( t))) - n,(t), hence IlS,( t)ll < M + A(t) =: k(t). 
Set G(t) := F(x(t)) -k(t) and obtain 
46,(t), G(t)) = 44z(f) + 4th Wt)) 
G Ilkl(4 - a(t)I1 + ~*(w”(4l(~)))~ m(f))), 
where d*(A, B) = sup{d(a, B): a E A}. 
Since &(t) + a(t), x,(a,(t)) + x(t) and F is upper semicontinuous we 
have that 
46,(t)> G(t)) + 0 for n+co. 
Then, Lemma 3.2 implies that 
ti*(t)= n cl ( u bw)l) 
icN n>i 
is nonempty, compact, contained in G(t) and t + e*(t) is measurable. 
Taking G*(t) = aV(x(t)) n B(0, k(t)) we have that s,(t) E aV(x,(t)) n 
B(0, k(t)) and since x + av(x) n B(0, k(t)) is upper semicontinuous, it 
follows that 
4&(t), G*(f)) + 0 for n+oc, 
and, by Lemma 3.2, 1+5*(t) c av(x(t)) n B(0, k(t)). 
Let a( .) be a measurable (hence in L’([O, T], R”)) selection of $*( .). 
Set g(t) := n(t) + a(t). By definition of G, g(t) E F(x(t)). Therefore z?(t) = 
-o(t) + g(t) E -av(x(t)) + g(z) and the proof is complete. 1 
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